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this talk in one slide

@ probLQ: probabilistic Linear Objects is a LP language:
- based on Linear Logic (Girard, 1987)
- extension of Andreoli-Pareschi's LO language
- endowed with probabilities (p € [0,1])

@ The main features are:

o multi-set of literals for the head and the body of (extended) Prolog-like
methods to deal with complex network structures (not simply trees)

p b, ... hy] = [b1,..., bm]
—— —_———— —_————
probability head body

o the ability to compute internal numerical probability computations
without relying on external semantic interpretation.
@ probLO is powerful enough:
@ to represent Bayesian Networks
(their integration within logic programming frameworks remains a

nontrivial challenge, mainly due to their complex structure)
@ to compute probabilistic inferences as joint or marginal probabilities.



preliminaries on probabilities

@ probability distribution for random (Boolean) variable X
Pr: X — [0,1]c R s.t. Pr(X=True) +Pr(X=False) =1
—— R — N——
events space event x event X
@ joint probability of the events xq,...,x, s.t. x; € {X; = True, X; = False}
Pr(xi, ..., xn)
—_———

events

@ marginal probability of events y1, ..., ym, regardless of variables X, ..., X,

Priyiso¥m) = ). Pr(Xi,. o X Vi Yim)
X1€X1 ..... X,,EX,,
@ conditional probability of xi, ..., x, given the evidences y1,...,yn
Pr(xt,.... X0 Y15+ > Ym)
PV(X1»~~-aXn|}/1,~~,Ym): u =

- Pr(yi,....Ym)
evidences

o factorization (chain rule):

Pr(xi,...,xn) =Pr(xy | xo, ..., xp)Pr(xo | x3,...,x5) - Pr(xp-1 | xn)Pr(xp)



Bayesian networks (BN)

(Bool) Bayesian Network 8 = (Vg, ~g,Pg) is a probabilistic graphical model
@ (Vg,—~g)is a DAG :

o Vg is a set of random (Boolean) variables,
e —~gC Vg X Vg is a set of edges

@ Pg : X € Vg > CTPx (the conditional probability table of X)

a table row : ‘ Pr(X=True | y1,...,¥n) ‘ Pr(X = False | y1,.

Pr(X | Parents(X))

-5 Yn) ‘

the conditional probability of X, given evidences for Parents(X)

True C=False <

C S=True S=False

C R=True R=False
True| 0.1 0.9 < Sprinklers | [ Rain e » | True 0.8 0.2
|False] 0.5 [ 05 |

|[False] 0.2 | 08 |

True | True| 0.99 0.01

X R T=True T=False
True |False| 0.9 0.1 [PEEOOONEY (S I (NRLALLL A SO > |True| 0.7 0 3
False| True 0.9 0.1

|False| 0.9
False|False 0 1 99% probability that Grass is Wel
if it Rains and Sprinklers work




Bayesian networks: queries computation

A BN represents joint probability distributions in a compact way*)

Theorem (Factorization of Bayesian Networks)

Let B =(V,~,P) be a BN then Pr(X4, ..., X,) = [Ix;ev Pr(X; | Parents(X;)).

Example: assume events: C = True,S = True, R = True, W = True
——— e e —
c S r w

compute: Pr(c,s,r,w) =Pr(w | r,s)xPr(s|c)xPr(r|c)xPr(c)=0.0396
——— — e — e — —
0.99 0.1 0.8 0.5

C=True C=False <

C S=True S=False

C R=True R=False
[Truo| 0.1 |- 00| <

> [True[ 08 | 02 |

True | True| 0.99 0.01

True |False| 0.9 0.1 <

False| True 0.9 0.1

False|False 0 1

(*) Only 9 conditional probabilities instead of 16 = 2* joint probabilities!



a naive implementation of conditional probabilities in Prolog? 1/3

a conditional probability as a Prolog method with a probability p € [0, 1]:

Prix|y1,....ym)=p ~ p Sl owe ] [wyg, e, Wy
S~ ~—— ~— ———
conditional probability probability head body
where :

@ wy, Wy, are literals

truex if x is the event "X = True”
falsex if x is the event "X = False”

_ {truey,. if y; is the event "Y; = True"

Y. =
vi falsey, if y;i is the event "Y; = False”
@ comma "," is interpreted by the (additive) conjunction A
p o[ we ] = [wy, Al AWy ]
—_—— —— R _

probability head body



a naive implementation of a Bayesian Network in Prolog? 2/3

C=True C—False

C_ R=True R=Falsc
| 08 [ 02 |
[02 T 08 ]

B

0.50 :: [truec : —.] 0.50 :: [falsec : —.]

. 0.10 :: [trues : — truec] 0.90 :: [falses : — truec]

! 0.10 :: [trues : — falsec] 0.90 :: [falses : — falsec]

. 0.80 :: [truep : — truec] 0.20 :: [falseg : — truec]
0.20 :: [trueg : — falsec] 0.80 :: [falsep : — falsec]

|0.99 :: [truey : — trueg, trues] | 0.01 :: [falsey : — trueg, trues]
0.90 :: [truey : — trueg,falseg] | 0.10: [falsey : — trueg,falses]
0.90 :: [truey : — falsep,trues] | 0.10: [falsey : — flaseg, trues]
0.00 :: [truey : — falsep, falses] | 1.00 :: [falsey : — flasep, falses]

+P; by FP;bs +P; by

Resolution as Sequent Calc. inference: FPb A Abe
M= (] s b,
—_—— —

program goal

g1 Pihy Qi = Pihy Gn i P hy
G- qm-p: P,M; h
[ — —_—— ——
probability program goal

probabilistic inference:

M= (p: [h]:—[byg,.

b, ])method
.ees D

D, ])method
++s Om



a naive implementation of a Bayesian Network in Prolog? 3/3

Pr(c,s,r,w) =Pr(w | r,s)xPr(s | c)xPr(r|c)xPr(c)=0.0396; linear computation
—_— — — ——
0.99 0.10 0.80 0.50
0.50 :: [truec : —.] 0.50 :: [falsec : —.]
0.10 :: [trues : — truec] [falses : — truec]
0.10 :: [trues : — falsec] :: [falses : — falsec]
. 0.80:: [trueg : — truec] :: [falsep : — truec]
program P 0.20 :: [trueg : — falsec| :: [falsep : — falsec]
0.99 :: [truew : — trueg, trues]  [falsey : — truep,trueg]
0.90 :: [truey : — truep, falseg] : [falsey : — trueg, falseg]
0.90 :: [truey : — falseg, trueg] [falsey : — flaseg, trueg]
0.00 :: [truey : — falsep, falseg] :: [falsey : — flaseg, falseg]
050 = trueg 0.50 :: [truec : —.] 050 = trueg 0.50 :: [truec : —.]

0.10 :: [trueg : —truec]
0.99 :: [truey : —trueg, trueg]|

0.80 :: [t T—t
0.40 = (0.50 X 0.80) - trues [bruen : —truec] e E 0% 0.10) - trues

3 0.40 x 0.05 x 0.99 :truey
—_—

0.0198#0.0396 non-linear computation !



our solution: methods of LO (linear logic objects) (1/2)

Prixi,... xp | Y1,---s¥Ym) =p ~ P [ Wy, Wy ] = Wy, Wy, ]
——
conditional probability probability head body

@ head [wy,,...,wy,] and body [wy,,...,wy ] are multiset of literals:

truex, if x is the event X; = True truey; if y; is the event Y; = True
.= Yy, =
X falsex;, if x is the event X; = False vi falsey; if y; is the event Y; = False
@ " "is interpreted by the multiplicative disjunction  of linear logic

pifwe, ® 9wy ] = [wy, 90wy, ]

probabilistic inference:

qg: P;T,b1,...,bm - bl [b o]
TPqpr PG Ty, T T el

prob. of conclusion q- p = g (prob. of premises) x p (prob. of applied method)



our solution: methods of LO (linear logic objects) (2/2)

C S=True S=False C R=True| R—False
True| 0.1 | 09 |
(False| 0.5 | 05 |
True | True| 0.99 0.01
[True[False] 0.9 0.1
[False| True| 0.9 0.1
[False|False[ 0 1

Pr(C = True, S = True, R = True, W = True) = Pr(W | R,S) X Pr(S | C) xPr(R | C) x Pr(C) = 0.0396 linear computation !
_ =

0.99 0.1 0.8 0.5
0.50 :: [truec, truec : —.] 0.50 :: [falsec, falsec : —.]
0.10 :: [trueg : — truec] 0.90 :: [falseg : — truec]
0.10 :: [trueg : — falsec] 0.90 :: [falseg : — falsec]
o0 b rusg 0 [pseruee
0.80 :: [trueg : — truec] 0.20 :: [falseg : — truec] 0.40 = (0.50 X 0.80) : truec, truen . .\ | LR TUIueC

0.10 :: [trues : —truec]

0.20 :: [truep : — falsec] 0.80 :: [falsep : — falsec] 0.04 = (0.40 X 0.10) :: trueg, trues
0.99 :: [truey : —truep, trueg]
+ 0.0396 = (0.04 X 0.99) :: truey
0.99 :: [truew : — trueg, trues] 0.01 :: [falsey : — trueg, trueg]
: [truey : — trueg, falses] 0.10 :: [falsey : — truep, falses]
: [truey : — falseg, trueg] 0.10 :: [falsey : — flaseg, trues]
: [truey : — falseg, falseg] | 1.00 :: [falsey : — flasep, falses]

a single linear computation for checking a DAG and computing joint prob.

2 P:T,b1,...,b
probLO inference: exp g ! T p:i[hi,....,ha] = [b1,...,ba] =M
g-p:: PM; T hy,. .. hy




probLO: methods and programs

o A (Boolean) probLO-method of type Xj x -+ x X, :=VYy,...,Y,isa
LO-method annotated with a probability value p € [0, 1]:

multi-head body multi-head empty body
D D — [P NE— —_— .
M=p:[wx,..., wx,] = [Wy,, ..., wy, ] or M=p:[wx,..., wx, ] = [ . ] fm=0

Pr(Xy,..., XnlY1,..0, Ym)=p ~ p [Wxyso-os wx, ] = [wy,.., wy, |
—_——
conditional probability probability multi-head body

@ A conditional distribution of type X; X ---x X, = Yq,...,Y, given
evidences wy,, ..., Wy, is the set of methods with same body [wy,, ..., wy,]

pr o [wx L wx ] = (W, Wy ]

WY e Wyg . i i1, .

C T = i [ wx, ] = Wy, wy,] | where ¥, pi=1, with k= 2"
pr = [wx, 5., wy, K] = [wy,,. ., wy,]

@ A probLO program is a set of probLO conditional distributions.



probLO: operational semantics

@ State:
probLO state: F p :: P ;i hy,...,h,, T
—— — ——
probability ~ Program multi goal

@ Rules: expansion method M € T (cond. distr.) or branching

termination —————— p . |hy,...,hy] =[] €T
P T b P [hy al =[]
—_—
trigger

qg: P, T
qg-p:: P,T; T,h1,...,hy

——
trigger

p:lhy,....hy] = [.]ET

expansion + mix

q: P; F7b1’--~7brn

g-p:: PT; L,h,....hy
——
trigger

p:[hy,...,hy] = [by,...,by] €T

expansion

p:: P, T,A qg:: P, T,B
p+q: P, T,A&B

branching



Encoding (Boolean) Bayesian Networks in probLO

@ B =(V,~,P) is a Boolean Bayesian network.
@ X € Vs a variable with parents {Y1,...,Ys} and m children {Z4,...,Z}
@ CPTx is the table associated to X

@ every row r is mapped into a pair of probLO methods (a cond. prob. distr.)

arow of CPTx: | p1=Pr(X=True|y...., Yn) | p2=Pr(X=False|yi,..., Yn)

p1 i [tEx, ..., tox] = [wy,, .. wy,]
—
o n times
Cy = with p1 + p2 = 1 and heads with the same length m
p2 i [£fx, ..., fx] = [wy,,..., wy, |
=

m times

where wy, denotes tty, (if y; is the event Y; = True) or ffy,, otherwise

L VY Y
J=1 "X

@ the probLO program: Pg = Uxey Tx

@ the probLO table of X: Tx =



Example: encoding a BN in probLO

the probLO Program (multiset of tables) [Tc, Tw, Ts, Tr| associated to BN

Conditional probability

probLO Method Conditional distribution | Table
Pr(C = True) = 0.5 M =05 [tec, te, tec = [] cc 1
Pr(C = False) = 0.5 MP = 0.5 [ffc, #c, ] - []
Pr(R = True | C = False) = 0.2 M = 0.2 [ter, ter] = [£c] cite
Pr(R = False | C = False) = 0.8 stg, #g] - [£fc] N Tk
Pr(R = True | C = True) = 0.8 : [ter, teR] - [ttc] e
Pr(R = False | C = True) = 0.2 : [#£g, £r] - [tec] R
Pr(S = True | C = False) = 0.5 [tes, tes] - [£c] ot
Pr(S = False | C = False) = 0.5 ffs, £fs] - [£c] S s
Pr(S = True | C = True) = 0.1 : [tts, tes] o [tec] e
Pr(S = False | C = True) = 0.9 : [ffs, #fs] = [ttc] °
Pr(W = True | R = False, S = False) = 0  [tew] = [£fs, £R] Rt
Pr(W = False | R = False, S = False) = 1 : [#fw] - [#s, fr] v
Pr(W = True | R = False,S = True) = 0.9 = [tew] = [tes, £R] CHritts
Pr(W = False | R = False, $ = True) = 0.1 : [#w] - [tts, R] w Tw
Pr(W = True | R = True, S = False) = 0.9 = [tew] = [#fs, ttr] Rt
Pr(W = False | R = True,S = False) = 0.1 : [#fw] - [£s, tR] W
Pr(W = True | R = True,S = True) =0.99 | M{]) = 0.99 :: [ttw] - [tts, ttr] s

Pr(W = False | R = True, S = True) = 0.01

0.01 :: [££w] - [tts, ttRr]




probLO correctly computes joint probabilities

Theorem (Computing joint probability with probLO)

If B=(V,~,P) is a (Boolean) BN with variables V = {X1,...,X,} then:
state p . Pg; wx,,...,Wx, is derivable in probLO (at the cost O(n)) iff
p=Pr(xy...,x,) is the joint probability of all variables in B.

C=True C=False

C R=True R=False
>|Truel 05 | 02 |
[False[ 02| 08 ]

True|True| 0.99

0.

[True|False| 0.9 0.1

False| True 0.9 0.1

R [False|False| 0 i
Bayesian Network:

Pr(W = True | R = True, S = True) x Pr(S = True | C = True) x Pr(R = True | C = True) x Pr(C = True)
Pr(C = True,R = True, S = True,W = True) =

——
1
0.5:ML

0.99:M7, 0.1:2 0.8:M3
M<Cl> =0.5:: [ttc, tbc, tec] = []

MS) =0.8 :: [ttR, ttr] = [ttc]

MS) =0.1:: [tts, tts] = [ttc]
M\%) =0.99 :: [ttw] = [tts, ttRr]

0.5: Tc; ttc, tbe, tbc

0.8x0.5:: Tc,Tr; ttc, tte, thr, ttr

0.1x0.4: Tc,Tr,Ts ; ttc, ttR, ttr, tts, tts

0.99x0.04 :: Tc,TRr,Ts, Tw ; ttc, tbr, thw, tts
—_—
0.0396



probLO correctly computes marginal probabilities

Theorem (Computing marginal probability with probLO)

If B =(V,~,P) is a (Boolean) BN with variables V = {X1,...,X,} then, the
state p:: Pg; wWx,, ..., Wx,, (ttx,,, &x,,,), ..., (ttx, &ffx,) is derivable in
probLO (at the cost O(2Kn)) iff p = Pr(Xy ..., Xm) is the marginal probability of
X1,...,Xm regardless of variables X 41, ..., X,

M5 - 3 .
0.1:M5, 0.9:M¢ 0.8:M3 0.5:M%

—_—

» Pr(W = False | R = True, S = False) x Pr(S = False | C = True) x Pr(R = True | C = True) x Pr(C = True)

Pr(C = True, R = True, W = False) = +
P A —

marginal probability w.r.t. S

Pr(W = False | R = True, S = True) x Pr(S = True | C = True) X Pr(R = True | C = True) X Pr(C = True)
N

0.01::1, 0.1:M3 0.8:43 0.5:M
— M =05 [tte, tte, ttc] = ] uP =05 [tee, e, tec] == []
05 Tc; tte,the, tbe © @ 0.5: Tc; tte, tte, ttc ©

Mg’ =08 [tor, ttr] == [tic]

N = 0.8 :: [, Rl - [ttc]
® _o1- .
Mc’ =0.1: [tts, tes] = [t
0.1x04: Tc,Tr,Ts ; the, tr, T, tos, ths ;“”—001[-- [sﬁ ?]_ ['[x ‘L !
0.01x0.04 3 Tc,Tr, Ts, Tw ; thc, B, Ew, tbs W LR
0.036 +0.0004 == Tc, Tr, Ts, Tw ; T, t6c, SR, Ew, 5 & Tt
0.036 +0.0004

0.8x0.

08 X056~ Te.Tn - te tin tn tte 'R
08x05: T Tr i the,rrtic oo lets. 22 - [tec]
0.9%0.4 1 Tc,Tr, Ts ; the, tR, thR, s, Fs S
M = 0.1 [w] - [£s, ]
1o 01X 036 Te TR Ts, Twy ; e, thRy Efw, s w
ra

Tc, TR ; th, TR, thR, the

0.0364



Conclusions: probLO and proof nets of linear logic

probLO as a graphical language!

any probLO derivation computing a joint probability (a tree)

I TSP -
M =0.5: [ttc, tbe, tbc] =

0.5: Tc; ttc, tbe, tbe © (3) (1w, tec, thcl .

M’ =08 [ttr, ttr] - [ttc]
0.8x0.5:: Tc,Tr; ttc, tte, ttr, ttr (3)
— - MS =0.1: [tts, tts] = [ttc]
0.1x0.4:: Tc, TR, Ts ; b, TER, BER, ths. ths > (7
My =0.99 :: [tbw] - [tts, ttr]

0.99 x0.04 :: Tc,Tr,Ts, Tw ; ttc, ttRr, ttw, tts
Nl hahd)

0.0396

can be transformed into a MLL proof net (a graph)




Conclusions: probLO and proof nets of linear logic

probLO as a graphical language!
any probLO derivation computing a marginal probability (a tree)

Ml _— e
. €05 Tc; ttc, tbe, ttc . €05 Tc ; tte, tte, ttc

M
. R0.8x0.5: Tc, TR ; ttc, thg, ttg, ttc . f0.8x0.5: Tc, Tr ; ttc, thg, ttr, ttc
M, M
. 50.9%0.4 Tc,Tr, Ts ; ttc, ttr, ttr, ffs, ffs . °0.1%x0.4 Tc, Tr, Ts ; ttc, ttr, tER, tts, tts

M

bW 0.1x0.36 :: Tc,Tr,Ts,Tw ; t&c, ttr, Fw, fs 0.01x0.04 :: Tc, Tr, Ts, Tw ; tbc, tor, Hw, ths
ra

0.036 +0.0004 :: Tc,Tr,Ts, Tw ; ttRr,ttc, ttr, ffw, ffs & tts
-

0.0364

can be transformed into a MALL proof net (a graph)




Conclusions: Related works on PLP and Future work

@ Most PLP languages extend classical LP by attaching probabilities to facts
or to rule heads, enabling probabilistic inference through weighted model
counting or explanation-based inference.

@ In probLO, the probabilistic aspect is limited to the measure of the
reachability of the goal, and the non-deterministic choices made during proof
search are controlled by the goal itself (the "branching rule").

@ A future work is to implement optimization techniques for Bayesian
inference within probLO as, e.g.:

o algorithms such as clique tree/junction tree [Lauritzen '88, Jensen, '96]
o or variable elimination [Zhang, '94] and belief propagation [Pearl, '88].



Thank you!



